
Econometrics Master’s Course: Methods 3a. Unbiased Estimator of the Residual Variance

3a. Unbiased estimator of the residual variance I:
Model without exogenous variables

I Model: y = β0 + ε, ε ∼ i.i.d.

I OLS estimator: β̂0 = ȳ = 1/n
∑

i yi

I Minimized SSE: S(β̂0) =
∑

i(yi − ȳ)2

Expectation value of S(β̂0) in normal sum notation:

E(S) =
∑
i

E(yi − ȳ)2
all terms equal

= nE(y1 − ȳ)2

= nE

y1 − 1

n

∑
j

yj

2

= nE
(
y21
)
− 2

∑
j

E(yjy1) +
1

n

∑
j

∑
k

E(yjyk)
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Residual variance w/o exogenous variables (ctned)

With (remember the i.i.d. property and E(εk) = 0)

E(yjyk) = E(β0 + εj)(β0 + εk) = β2
0 + σ2δjk, δjk =

{
1 j = k
0 j 6= k

,

we have

E(S) = nE(y21)− 2
∑
j

E(yjy1) +
1

n

∑
j

∑
k

E(yjyk)

= n(β2
0 + σ2)− 2(nβ2

0 + σ2) +
1

n
(n2β2

0 + nσ2)

= (n− 2n+ n)β2
0 + (n− 2 + 1)σ2

= (n− 1)σ2.

We conclude that σ̂2 = 1
n−1

∑
i(yi − ŷ)2 = S

n−1 is unbiased, i.e.,

E(σ̂2) = E(S)
n−1 = σ2.
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2. Residual variance for the multivariate linear model
(matrix-vector notation)

I Model: y =
∑p+1

j=0 βjxj + ε = ŷ(x) + ε, ε ∼ i.i.d.

I OLS estimator: β̂ = (X ′X )−1X ′y

I Minimized SSE:

S(β̂) =
∑
i

(yi − ŷ(xi))
2 = (ŷ − y)

′
(ŷ − y)

= (X β̂ − y)′(X β̂ − y)

= (X β̂)′(X β̂)− (X β̂)′y − y′(X β̂) + y′y

= (X β̂)′(X β̂)− 2(X β̂)′y + y′y

Replace β̂ = (X ′X )−1X ′y:

S(β̂)− y′
(
1 − X (X ′X )−1X ′

)
y
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Estimation of the multivariate residual variance (ctned)

Replace the observed endogeneous data vector y by the model
y = Xβ + ε Notice: β is the true and immutable parameter vector β :

S(β̂) = (Xβ + ε)′
(
1 − X (X ′X )−1X ′

)
(Xβ + ε)

= ε′(1 − X (X ′X )−1X ′)ε

+ 2(Xβ)′(1 − X (X ′X )−1X ′)ε

+ β′X ′(1 − X (X ′X )−1X ′)Xβ

Making use of associativity, we realize that the second and third term are
each equal to zero, so

S(β̂) = ε′(1 − X (X ′X )−1X ′)ε.
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Excursion: trace of a matrix

S(β̂) is a scalar made up of many vector and matrix products. To
simplify, we use the fact that the trace of a square matrix (sum of its
diagonal elements) allows additional identity operations,
commutativity and cyclic permutation, whenever the corresponding
products of generally non-square matrices are defined:

tr(AB ) = tr(BA ), tr(ABC ) = tr(BCA ) = tr(CAB )

I Also applies to degenerate matrices (vectors, scalars)

I The permutations may even change the matrix dimensions: if ε is

a n-vector and M a n× n matrix, then ε′M ε is a number and M εε′ a n× n

matrix, still tr(ε′M ε) = tr(M εε′)

I For a scalar S, we trivially have tr(S) = S ⇒ apply to S(β)
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Estimation of the multivariate residual variance (ctned)

S(β̂) = ε′(1 − X (X ′X )−1X ′)ε

= tr(ε′(1 − X (X ′X )−1X ′)ε)

= tr(ε′ε)− tr(ε′X (X ′X )−1X ′ε)

= tr(ε′ε)− tr(X (X ′X )−1X ′εε′)

Expectation: of course, E(.) and tr(.) commute. Furthermore (statistical
Gauß Markow assumptions) E(εiεj) = σ2δij :

E(S) = tr(E(ε′ε))− tr(X (X ′X )−1X ′E(εε′))

= nσ2 − tr(X (X ′X )−1X ′)σ2

= nσ2 − tr((X ′X )−1X ′X )σ2

= nσ2 − pσ2 = (n− p)σ2

(notice that (X ′X )−1X ′X is a p× p identity matrix) ⇒ σ̂2 = S
n−p is an

unbiased estimator for σ2.
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Distribution function of σ̂2

S(β̂) = ε′(1 − X (X ′X )−1X ′)ε is a quadratic form of ε where also,
although uncorrelated, the distribution function of the nondiagonal
εiεj is nontrivial. It is beyond this course to show that
1 − X (X ′X )−1X ′ is a projection matrix with rank n− p, so all the
nondiagonals of εiεj vanish, so S(β̂)/σ2 is a sum of squared
independent standardnormal distributed random variables Z defining
the χ2 distribution:

S(β̂)

σ2
=

(n− p)σ̂2

σ2
=

n−p∑
i=1

Z2
i ∼ χ2(n− p)
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