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Methods in Transportation Eonometris and

Statistis (Master)

Winter semester 2023/24, Solutions to Tutorial No. 9

Solution to Problem 9.1: Estimation of trivial and AC-only models

(a) In trivial models, we have Vni = 0. For the binomial Probit model, this results in

P1 = Φ

(

V1 − V2√
2

)

= Φ(0) =
1

2
, P2 = 1− P1 =

1

2
,

and in the binomial Logit model to

Pi =
e0

∑I
i′=1 e

0
=

1

I
=

1

2
.

For the MNL, we have

Pi =
exp(Vi)

∑

i′ exp(Vi′)
=

1

I
.

(b) For the AC-only model, the hoie probabilities Pni = Pi do not depend on the deision

maker. Hene, the log-likelihood in terms of the hoie probabilities is given by

L̃(~P ) =

N
∑

n=1

I
∑

i=1

yni lnPi− =

I
∑

i=1

Ni lnPi,

where Ni =
∑N

n=1 yni. Sine the sum of the probabilities is equal to 1, we have an

optimisation problem with one restraint (note: �s.t.� is a standard abbreviation in math

literature for �subjet to�):

I
∑

i=1

Ni lnPi
!
= max, s.t.

I
∑

i=1

Pi = 1.

The general solution sheme for problems to maximize a general funtion F (~x) with one

or more restraints is the following:

� Formulate all the restraints j in terms of funtions gj(~x) = 0

� Maximize the objetive funtion augmented by Lagrange mutlipliers λj ,

F (~x)−
∑

j

λjgj(~x)

� Calulate the Lagrange multipliers by using the restraints.
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Here, we have ~x = ~P , F (~P ) =
∑

I Ni lnPi, and one restraint g1(~P ) = g(~P ) =
∑

i Pi − 1.
So,

d

dPi

(

∑

i′

Ni′ lnPi′ − λ(
∑

i′

Pi′ − 1)

)

!
= 0,

Ni

Pi

− λ = 0 ⇒ Pi =
Ni

λ

Hene Pi is proportional to Ni and the restraint

∑

i′ Pi′ = 1 �nally gives Pi = Ni/N .

Trivial mutinomial model with i.i.d. random utilities

Here, we have Pi = P (this is not valid for orrelated random utilities!) and the result

omes diretly from the restraint:

∑

i Pi = IP = 1, i.e., P = 1/I.

Solution to Problem 9.2: Considerations of a ar salesman

(a) Revealed-hoie sine real buying deisions have been reorded.

(b) � AC: δi1

� Soio-eonomi variables: age Tn of present ar, o�ered disount Rn (whether the

ustomer has aepted it or not), and the dummy variable whether the presently

owned ar had been bough as a new ar.

� Charateristia: none

() The model would not be well spei�ed sine, as a soio-eonomi variable, the ar age Tn

does not depend on the alternatives, so, without the alternative-spei� onstant, there

are no di�erenes between the alternatives and hene, beause of translation invariane,

no e�et.

(d) (i) Generally, we have

xdatam =
∑

n,i

x
(m)
ni yni =

∑

n

x
(m)
nin

ynin , xmod

m =
∑

n,i

x
(m)
ni Pni(~β),

and in the urrent problem ontext

* Property sum X1 related to x
(1)
ni = δi1: Total number of suessful deals (bought

new ars)

* Property sum X2 related to x
(2)
ni = Tnδi1: Sum of the ages of the present ars

from all ustomers who have atually bought a new ar

* Property sum X3 related to x
(3)
ni = Rnδi1: Sum of the disounts o�erend to

ustomers who bought a new ar
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* Property sum X4 related to x
(4)
ni = Nnδi1 where Nn = 1 if the ustomer bought

his/her last ar as a new ar, and zero otherwise: How many of the buyers

bought their previous ars as a new ar.

(ii) For the realized property sums, we have

Xdata

1 =
∑

n,i δi1yni =
∑

n yn1n = 3,

Xdata

2 =
∑

n,i Tnδi1yni =
∑

n Tnyn1n = 27,

Xdata

3 =
∑

n,iRnδi1yni =
∑

n Rnyn1n = 8,

Xdata

4 =
∑

n,iNnδi1yni =
∑

nNnyn1n = 2,

and for the expeted ones for a model with

~̂β = ~0, i.e., Pni = Pi = 1/I = 1/2:

Xmod

1 =
∑

n Pn1 = N/2 = 5,
Xmod

2 =
∑

n TnPn1 = 0.5
∑

n Tn = 37.5,
Xmod

3 =
∑

n RnPn1 = 0.5
∑

nRn = 18/2 = 9,
Xmod

4 =
∑

n NnPn1 = 0.5
∑

nNn = 5/2 = 2.5.

(e) Beause it is unatrative to buy a new ar if one already has a new ar (Tn = 0), and no

disount is o�ered (Rn = 0).

(f) In this situation, we have Tn = 5, Rn = 2 (2 000e disount), and the �present ar bough as

a new ar� dummy equalsN = 1. With the parameter estimator

~̂β = (−9.2, 0.35, 2.2, 1.3)′ ,
we have

V1 = β̂1 + 5β̂2 + 2β̂3 + β̂4 = −1.75,

N = eV1 + eV2 = e−1.75 + 1 = 1.174,

P1 =
eV1

N
= 0.148

(g) The variable �status of the present ar� now an assume three values: (i) �bought as a new

ar�, (ii) �bought as a used ar�, and (iii) �no ar�. This means, we now, in addition to N
another dummy for the existene of an already owned ar and the spei�ation beomes

Vni = β1δi1+β2Tnδi1+β3Rnδi1+β4δi1

{

1 last ar was new

0 otherwise

+β5δi1

{

1 last ar was used

0 otherwise.

Here,

� β4 gives the relative propensity that ustomers whose last ar was new make a deal

ompared to persons with no present ar,

� β5 gives the relative propensity of used-ar owners to make a deal ompared to

persons with no present ar.

� Of ourse, the age of the last ar does not make sense for the ustomers having no

previous ar, so we an set it to any arbitrary �xed value for them, e.g., zero or 42.

The parameters β4 and β5 will ompensate for this arbitrary hoie, with, e.g., an

additional onstant ∆β4 = ∆β5 = 42β2 if a formal age of 42 instead of zero years

is assumed for the ustomers w/o a previous ar (the parameters β1 to β3 remain

unhanged.)
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