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Methods in Transportation Eonometris and

Statistis (Master)

Winter semester 2023/24, Solutions to Tutorial No. 7

Solution to Problem 7.1: Choie probabilities in trinomial Logit and i.i.d.

Probit models

(a) The referene is i = 3 (PT) sine this alternative has no AC.

(b) How muh time and money orresponds one utility unit (UU)?

|β3|∆T
!
= 1 ⇒ ∆T =

1

|β3|
= 10minutes,

|β4|∆K
!
= 1 ⇒ ∆K =

1

|β4|
= 1Euro.

Hene, the impliit VoT is given by

VoT = 10minutes = 6Euro/h.

() The deterministi utilities are given by

V1 = β1 + β3T1 = −1− 4 = −5,

V2 = β2 + β3T2 = −2− 1.5 = −3.5,

V3 = β3T3 + β4K3 = −1.5− 2 = −3.5

Hene, the denominator of the MNL hoie-probability formula is give by

D =

3
∑

i=1

eVi = 0.0671,

so

P1 =
eV1

D
= 0.100, P2 =

eV2

D
= 0.450, P3 =

eV3

D
= 0.450.

(d) In order to redue the Logit RU standard deviation

√

V (ǫ) = π/
√
6 to the unit standard

deviation of the i.i.d. Probit model, ǫi ∼ i.i.d.N(0, 1), we multiply both the deterministi

and random utilities by λ =
√
6/π whih also means that the deterministi Probit utilities

are redued by this fator,

V P

1 =

√
6

π
V L

1 = −3.90, V P

2 =

√
6

π
V L

2 = −2.73, V P

3 =

√
6

π
V L

3 = −2.73.

Hene V1 − V3 = −1.16 and V2 − V3 = 0, and from the ontour plot (every 10%, there is

a thiker ontour line)

P1 = 0.09, P2 = 0.455, P3 = 1− P2 − P3 = 0.455.
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(e) By resaling the Logit parameters to V (ǫi) = 1 in both the Logit and Probit models, the

only di�erene omes from the di�erent shapes of the Gaussian and Gumbel distributions

from the i.i.d. Probit and Logit models, respetively. Sine, though slightly asymmetri,

the Gumbel distribution has a similar shape as the Gaussian, the di�erene in the hoie

probabilities is minor. The only major di�erene will appear for very small probabilities

sine the Gumbel distribution has a fatter right and a thinner left tail than the Gaussian.

1

(f) MNL: No hanges in the relative preferene bike vs. ped: The analyti expression

P1

P2
= eV1−V2 = 0.223

simply does not ontain V3. This re�ete the IIA property. The new Logit hoie proba-

bilities are with the new V ′

3 = −− 1.5 and D′ = eV1 + eV2 + eV
′

3 = 0.260:

P ′

1 =
eV1

D′
= 0.026, P ′

2 =
eV2

D′
= 0.116, P ′

3 =
eV

′

3

D′
= 0.858.

The probabilities P1 and P2 got muh smaller due to the inreased attrativity of mode 3

but the ratio is unhanged.

i.i.d. MNP: Everything must be alulated/read o� anew. We have the unhanged

utilities V P

1 und V P

2 = −2.73 while the new Ṽ P

3 = V P

3 +∆V P

3 = −1.17. (In the following,

a tilde denotes the new situation), so

V P

1 − Ṽ P

3 = −2.73, V P

2 − Ṽ P

3 = −1.56,

and from the ontour plot

P̃P

1 = 0.02, P̃P

2 = 0.14,

i.e.,

P̃1

P̃2

= 0.14 (more preisely: 0.132).

Looking at the former ratio

P1

P2
= 0.194, we observe a signi�ant hange of the relative

preferene ped vs. bike by a fator of about 2/3. We onlude that the MNP does not

have the IIA property, even for the ase of i.i.d. random utilities.

Notie This result is valid more generally: Instead of Gumbel-distributed RUs, the IIA

property an be used to de�ne the MNL:

I IA ⇐⇒ MNL

1

Signi�ant di�erenes appear, of ourse, when assuming a general orrelated MNP.
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Solution to Problem 7.2: Revealed hoie: survey in the audiene

(a) The seletor dummies δi1 to δi3 denote the ACs with the referene alternative i = 4, so
βi+3, i = 1..3 denote the ad-ho preferene of mode i over the ar mode for zero distane

(obviously, βi...β3 should be > 0). An additional term β7δi4 would be super�uous sine only

utility di�erenes matter. Even worse, it would mis-speify the model sine the parameters

annot be identi�ed uniquely any more: Then, only the di�erenes β4 − β7, β5 − β7, and
β6 −β7 an be identi�ed and setting β7 = 0 just orresponds to making the ar alternative

i = 4 the referene.

(b) The method of hoie is to introdue unrealistially large penalties in form of negative

utility ontributions suh as,

2

∆Vn2 =

{

0 Person n has bike available

−1 000 Person n has no bike.

In the Logit model, the probability is then given by about exp(−1 000) ≈ 10−400
: This is

less than one divided by the number of atoms of the whole Earth! Besides a formal trik to

exlude the bike mode for those without a (working) bike, the 1 000 negative utility units

ould also be interpreted as the ost of buying a bike (typially, one utility unit is worth

1e) and then ride it.

() We �rst observing that we have V4 = 0 in the model formulation, so Alternative 4 is the

referene. Sine only utility di�erenes matter and, by assumption, Ti = −Vi, we need to

formulate the utilities in terms of total travel time di�erenes T4−T1. Sine the total travel

time Ti = T
(0)
i

+ r/vi is omposed of a setuptime T
(0)
i

and the time r/vi needed to over

the distane r at speed vi. Additionally, we have T
(0)
1 = 0 (a pedestrian an just begin to

walk) resulting in

Vn1 − Vn4 = T4 − T1 = β1rn + β4 = −rn

(

1

v1
− 1

v4

)

+ T
(0)
4 ,

Vn2 − Vn4 = T4 − T2 = β2rn + β5 = −rn

(

1

v2
− 1

v4

)

−
(

T
(0)
2 − T

(0)
4

)

,

Vn3 − Vn4 = T4 − T3 = β3rn + β6 = −rn

(

1

v3
− 1

v4

)

−
(

T
(0)
3 − T

(0)
4

)

,

Sine the last equality aplies for all person groups n, we obtain two onditions whih need

2

One ould also hange the alternative set An for this person (group) by exluding the bike alternative. Often,

however, it is simpler to assume, at least formally, the same set of alternatives for all persons.
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to e satis�ed simultaneously, one for the prefators of rn and one for the ACs:

β1 =

(

1

v4
− 1

v1

)

, β4 = T
(0)
4 ,

β2 =

(

1

v4
− 1

v2

)

, β5 = T
(0)
4 − T

(0)
2 ,

β3 =

(

1

v4
− 1

v3

)

, β6 = T
(0)
4 − T

(0)
3 .

We onlude that the parameters β4 to β6 an be identi�ed with di�erenes of the setup

times, and the parameters β1 to β3 with di�erenes of the inverse travel speeds with respet

to the ar mode (multiplied with the di�erent time sensitiities for the di�erent modes).
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